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PREFACE 

• * 

The investigation reported Ibartlc vu conducted pursuant 
contract for Cooperative Research Project Wuaber 2531. The work 
was supported through the Cooperative Research Program of the Office 
of Education, 0, S» Department of Health, Education, and Welfare* 

Many people participated in conducting and reporting this project. 

It it a pleasure to acknowledge and express eppreciatl^ to those 
named below. Tbair cooperation and assistance contributed greatly 
to the completion of the work. 

Mr. Sms W. Wood, Superintendent of the Clark* County (Georgia) 

School District, gave clearance for the project to be conducted in the 
School District and allocated work- load time for Mr. Ellis to devote 
to the project. Work-load time for Dr. Blake, Dr. Findley, and 
Dr. Wistbrook to devote to tea project, equipment, end work apace 

were allocated by tee following: Dr. Joseph A. Williams, Dean of the 

* 

College of Education et tee University of Georgia; Dr. Stanley 9. Ainsworth, 
Chairman of the Program for Exceptional Children; and Dr. Robert A. McRorie, 
Director of tee Office of General Research. 

Several consultants were helpful in solving problems related to 
sampling mathematics achievement, developing instruments, and using 
the scaling procedures. These consultants included Dr. Louis Guttmen 
et the Hebrew University end tee Israel Institute of Applied Social 
Research, Dr. Henry F. Kaiser at the University of Wisconsin, 

Dr. James C. Lingoes at the University of Michigan, and tea following 
University of Georgia professors: Dr. Harry £• Anderson, 

Dr. James L. Carmen, Mr. James €. Fortsen, Dr. Jmae 1. Kenney, 

Dr. Albert J. Kingston, Dr. Leonard E. Pikaart, and Dr. W. Owen Scott. 

In addition. Dr. Lingoes and personnel at the University of Michigan 
Computer Center performed the computer operations for the Smallest 
Space Analysis X and the Smallest Space Analysis XIX. 

Many public school pupils participated in the data collection 
phase of the project. The following are cooperating public school 
personnel who facilitated the work of the project with pupils under 
their jurisdiction: Dr. J. C. Mullis, Director of Testing and Guidance, 
and principals of several elementary schools — Miss AXlea Betts, 

ill 

" 1 ' — — — wm m 












*\ 










& 



jB 

& 







Hist Dorothy Firor, Kir. Robert Garrard, Hiss Grace Hancock, 

Hr. Donald Eight,* Mrs. Rose Tnrpley, Miss Helen Treanor, end 
Miss Annie Wallace. Appendix A contains the n— ss of the schools 
frooL which pupils were selected asd the naaes of the teachers who 
administered the teats to. the subjects. 

Mrs. Noma Gfilbreath coordinated and supervised activities in* 

/olvsd in the preparation of the research materials ... Mr* Robert M. Brown 
did die background research sad performed the reliability analyses 
and the simplex analyses. Be vac assisted by Mr. L. Wayne Swindel. 
Personnel who scored research instruments and encoded data were 
Miss Joan Bond, Mr. Michael Bradley, and Miss Sharrcn Riser. 

Mr. Bradley, Miss Malese Anderson, Mrs,* Margaret Jones, Mrs* Lynn Monroe, 
and Mrs. Dana Stonesifer assisted with the preparation of the final 
report. 

The Educational Testing Service and the California Tost Bureau 
granted permission for the use of selected test items in the research 
instruments. • 

While those who are named in this prefatory statement made 
valuable contributions to the project, the project directors alone 
bear the entire and final responsibility for any errors and inade- 
quacies in planning, execution, interpretation, end reporting. 



Kathryn Seeks 
Alton A» Rills 
Warren G. Findley 
Helen Westbrook 
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CHAP3S& X 



PROBLEM 

Purpose and Obi tec gives 

This study’s purpose was >:o use procedures based <m Gutfcaaa^s 
(1954, >963) radex theory is identifying, empirically, vertical and 
horizontal sequences for organising mathematics content at grade 
levels 4, 5, end 6 • The specific objectives were as foXlows: 

1. to identify, at grade levels 4, 5„ and 6, vertical sequences 
among subtopics within several mathematics topics on the 
basis of t he criterion, level of comp lenity of the subtopics. 

2. to identify, at grade levels 4, 5, and 6, orthogonal and 
non-orthogonel horizontal sequences among several mathe- 
matics topics ca the basis of the criterion, degree of 
relationship between adjacent topics. 

Educational Significance 

Information yielded by this study and by similar studies could be 
useful in establishing instructional sequences for teaching mathematics. 
That is, more effective instructional sequences can be established 
when the structure of the interrelations within the material to be 
taught is considered jointly with such planning factors as the 
characteristics of the pupils and the practical exigencies of the 
situation. 

Maiming (1960, p. 116) succinctly portrayed how this planning 
process can be strengthened by identifying sequential arrangements 
among mathematics activities on the empirical basis of the achievement 
of pupils who have been taught in a given mathematics instructional 
program. In his introductory remarks about a prototype design for 
this research problem, he made these coasEsats. 

The organisation of topics within a course or the deter- 
mination of the opt imsaa sequence of courses in any area of learning 
io recognised as a fundamental educational problem. When faced 
with an apparently heterogeneous array of topics, the teacher 
must impose ac order ©T arrangement which he feels will benefit 
the learner. Soxetfeeo the order io dictated fey the levels 
of complexity of th° various- topics ; that io, the student snot 
have mastered topic A before, he can go ©n to topic B and so 
forth. In other instances the tcpico are related, but on an 
equivalent level of complexify, s® that either A or B rmy be 
studied earlier. 




Mfeat i$, apparent in most Instances is that the order or 
sequence o£ learning is largely determined on the basis of 
professional judgement. Altkcsugh professional judgment is not 
inherently unsatisfactory., if. would be preferable to structure 
a curriculum on the basis of the behavior of the learners 
themselves. 

Related Literature 

The present study's purpose essentially involved using procedures 
based on Guttean's radex theory (1954, 1965) to examine the structure 
of the interrelations among aspects of mathematics content taught at 
the upper elementary school grade levels* Accomplishing the study's 
purpose necessitated that the investigators obtain scores on tests of 
attainment of selected instructional objectives for a given mathematics 
instructional program for grade levels 4, 5, and 6, The present 
investigators located no other projects which were specifically designed 
to use Guttman's or other scaling procedures as adjuncts in establishing 
sequences among activities in contemporary mathematics instructional 
programs for elementary school pupils, 

Guttman (1954) and Kaiser (1962) presented material which can be 
used as evidence relevant t.o interrelations among several mathematics 
activities. As illustrative materials for their expositions on the 
simplex analysis, they used mathematics data which they culled from 
the larger body of data Thurs tone (1938) reported in his study of 
the primary mental abilities. Specifically, they demonstrated that 
the simplex model fits a set of children's manarical performance tests 
used by Thur stone. Among these tests, the hierarchical order from 
simple to complex was addition, subtraction, multiplication, division, 
arithmetical reasoning, and numerical judgment. 

Materiel more tangentially related to the present project includes 
the work reported by Gabriel (1954), Gutt&an (1954, 1957, 1965), 
Humphreys (1960), and Lingoes (1965a). They showed that procedures 
related to Guttman's radex theory yielded satisfactory descriptions 
of order relations among various types of behavioral data, Gabriel 
used a simplex analysis to ascertain the structure of the Progressive 
Matrices Tests Quttmm applied simplex analyses, circumplax analyses, 
and smallest space analyses to interrelations among sets of cognitive 
and personality variables, respectively. In these analyses, Guttman 



3 



sailed iaterccrrelaticn matrices reported by various authors, e.jg. , 

Thur stone (1938, 1940, 194 A) and Coombs (1951)* Humphreys employed 
the simplex model in his consideration of the intercorrelatiess between 
repeated measures reported by various authors: namely, trials during 
the learning of two motor skills — complex coordination (stick end 
rudder coordination task) end discrimination reaction time(Fleisfea?.n and 
Hempel, 1954; 1955); grorth data for height and weight (Andersen, 1939); 
and periodic tests during shorthand training (Levin, unpublished). 
Lingoes applied the smallest space analysis to data reflecting cognitive 
characteristics reported by Guilford and his associates (1952), 
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CHAPTER II 
PROCEDURE 
Research Design 

The plan £or collecting data pertinent to the project's purpose 
involved administering tests designed to assess pupils' achievement 
of instructional objectives for a mathematics instructional program 
at grade levels 4, 5, and 6. Procedures used to carry cut this plan 
are described more specifically below in terms oi: the following topics: 
definitions of terms, subjects, the mathematics achievement test, and 
general procedures. 



Definitions of Terms 

For the purposes of this study, the following cefinitions of terms 
were employed. 

1. Radex theory . A theory for investigating the order re* 
lationships among variables. The method seeks to determine 
from a pattern of intercorrelations the underlying order 
structure of the ccnstituent variables (Guttman, 1954; 1965). 

a. Rariex . A oet of variables whose intercorrelations conform 
to tbe general order pattern prescribed by the theory, 
ftro distinct notions are involved in a radex. One is 
that of a difference in kind between variables, and the 
other is that of a difference in degree (Guttman, 1954; 
1965). 

b. Simplex . A set of variables which differ amok?, them* 
selves, largely in the degree of their complex* "y. A 
simplex possesses a simple order of complexity. The 
variables can be arranged in simple rank order <- -rcm 
least complex to most complex (Guttman, 1954; i*65). 

c. Circumplex . A set of variables which differ among 
themselves in the kind of ability they define. Tfce law 
of order here is not from “least" to "most" in any 
sense; it is an order which has no beginning and no end, 
namely, a circular order (Guttman, 1954; 1965). 

2. Sequence . An order in which mathematics content is arranged 
for presentation to the pupils. 



In the definitions of radex, simplex, and circumplex, the italics 
and quotation marks are Guttman' s; in the definitions of the non- 
orthogonal end orthogonal sequences, the italics are the present 
investigators' . 



a. Vertical tecuense. An arrangement of the subtopics within 
any given tojic in ter?B8 of the criterion, level of 
complexity of subtopics; level of complexity refers to 
the extent to which a given subtopic includes aspects 
of other subtopics, 

tv. Horizontal sequence. Arrangement of different topics in 
terms of the criterion, degree of relationship between 
adjacent topics, 

1) Orthogonal sequence , A horizontal sequence in which 
the different topics are arranged *>o that adjacent 
topics are the least closely related; i«c» , adjacent 
topics are relatively independent . 

2) Hon-orthogonal sequence . A horizontal sequence in 
which the different topics are arranged so that 
adjacent topics are the most closely related; i.e, , 
adjacent topics are relatively non-ind ependent. 

3. Mathematics content 1 . Xhe domain or universe of mathematics 

taught the pupils at any one grade level. 

a. Mathematics topics . Areas of mathematics content, for 
example: number, operations, assumptions. 

b. Mathematics subtopics. Specific subdivisions of content 
within the mathematics topics. for example, the topic- 
number, operations, assumptions— includes such subtopics 
as addition and multiplication. 

c. Mathematics instructional objectives . Precise specifications 
of behavior, relevant to the subtopics, to be attained 
through t he instructional program, ror example: under- 
standing t he concept of rational numbers, facility in 
adding two-place whole numbers. 

Subjects 

T he subject?* were 244 fourth grade pupils, 261 fifth grede pupils, 

and 260 sixth grade pupils. These pupils were selected from the total 
number of pupils enrolled at grade levels 4, 5, and 6 in the Clarke 
County (Georgia) School District during the 1963-64 school year. 

The number and sizes of the classes sampled and steps involved in the 

sampling proceed are specified below. 

The total enrollment at each grade level consisted of approximately 
500 pupils. These pupils attended eight elementary schools; each 



ese definitions are based on materials presented in Math e - 
saatics for Georgia Schools (Georgia Curriculum Guide Committee, 1962). 
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elementary school contained either two or three c lessee et each grade 
level. Cless else ranged from 25 to 40 pupils. 

The sampling process consisted of two steps: (1) selecting 

participating classes; (2) selecting participating pupils within 
these classes. These Uvo steps are described more fully below. 

The first step in the sampling process was to select classes of 
pupils at each grade level. The selection of classes was based pri- 
marily on two criteria. The first criterion was that the classroom 
teacher had taught in the elementary schools in Clarke County School 
District for at least the previous three years. The second criterion 
was that the class room teacher had bees an active participant io the 
School District's in-service mathematics education program. 

These two class selection criteria were vised to insure that 
teachers of the prospective subjects had had training and experience 
in teaching mathematics as presented in Volumes 1, 2, ancl 3 of the 
state curriculum guide. Mathematics for Georgia Schools * (Georgia 
Curriculum Guide Committee, 1962). The Clarke County School District 
has been in the process of revising its mathematics program for the 
past few years, using the state curriculum guide as a framework 
to improve mathematics instruction in the local schools. The revision 



This curriculum guide waft developed, tried out, and revised 
over a period of several years. It was designed to serve as a 
framework for teaching mathematics in Georgia Schools, Members of 
the Georgia Mathematics Curriculum Guide Committee were personnel 
from throughout the state including the following: from the Georgia 

State Department of Education and the universities— mathematicians 
and mathematics educators; from the public school gyg tains - -instructional 
supervisors, principals, secondary school mathematics teachers, and 
elementary school teachers who had special training and competence 
in mathematics education. Consultants to the Committee were a number 
of mathematicie&s and mathematics educators from universities through- 
out the nation and from federal and private agencies. 
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process has included various activities designed to increase the 
effectiveness with which teachers teach mathematics. 

Twenty- six classes were identified by applying the class selection 
criteria related to length of the teacher’s service and to the teacher' s 
participation in mathematics education activities. There were nine 
classes on the fourth grade level, eight classes on the fifth grade level, 
and nine classes on the sixth grade level* Table 1 contains data* re- 
flecting the distribution of these classes by schools. Appendix A 
consists of a list of school personnel who participated in the data 
collection procedures. 

The second step in the sampling process was to identify pupils 
in the selected classes who were eligible to participate as subjects • 
Eligible to b 2 subjects were pupil* in the selected classes who were 
taught in the mathematics Instructional program during the 1963-1964 
school year and who satisfied the following additional selection 
criteria. 

1. The pupil had no gross physical or sensory impairments which 
might interfere with responses to the mathematics instructional 
program or to the instruments used in the study. . 

2. The pupil had no major emotional or motivational difficulties 
which might interfere with responses to the mathematics 
instructional program or to the instruments used in the study. 



^Examples of activities included in this revision process were 
the following. 



a. In-service teacher education programs were instituted; these 
included intensive work during the school year end during 
pre-school and post-school planning periods. Serving these 
in-service programs ac consultants were mathematicians and 
mathematics educators from throughout the nation? the Georgia 
State Department of Education? and the University of Georgia. 

b. Mathematics courses for teachers were taught by University of 
Georgia professors. The expenses incurred by teachers who 
participated in these courses were borne by the Clarke County 
Board of Education. 

c. Closed circuit T.V. programs for teachers were presented; in 
these T.V. programs, master teachers in the Clarke County 
School District demonstrated methods for teaching modem 
mathematics. 
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Table l 

Number of Cleeses Selected From Total Nu» er of Available 
Classes Categorized by School and trade Level 



School 


4th Grade 


5th Grade 


6th Grade 


Total 
Number 
of Classes 


Number of 
Classes 
Selected 


Total 
Number 
of Classes 


Number of 
C 188868 
Selected 


Total 
Number 
of Classes 


Number of 
Classes 
Selected 


1 


4 2 


3 2 


3 2 


2 


2 1 


2 1 


2 1 


3 


3 2 


3 2 


2 2 


4 


1 1 


1 0 


1 1 


5 


2 1 


2 1 


2 1 


6 


1 o 


1 1 


1 1 


7 


2 1 


2 1 


2 1 


8 


1 1 


1 o j 


i i o 


Total 

I 


16 9 

1 i 


15 8 


14 9 
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Contacts were made with principals and teachers in order to locate 
pupils who did not meet the subject selection criteria. Pupils in the 
selected classes who did not meet the subject ^election criteria were 
identified and designated for exclusion from the study. The tests 
were administered to the excluded pupils at the same time they were 
administered to the other pupils in the selected classes. After the 
tests were collected, the excluded pupils' tests were removed. The 
excluded pupils' scores were not tabulated nor included in the data 
analyses. The numbers of pupils who qualified as subjects were as 
follows: fourth grade — 244, fifth grade — 261, sixth grade — 260. 

The Mathematics Achievement Test 

The mathematics achievement data were interval scores on a test 
containing items selected to reflect the extent to which the pupils 
attained instructional objectives for mathematics topics and sub* 
topics which they were taught specifically. Details about the 
nature of the test are presented below. 

Description of the Test 

Generally, the selection of items for the mathematics test was 
limited to materials sampling the instructional objectives of the 
mathematics curriculum for the fourth, fifth, and sixth grades. 
Specifically, the test was designed to measure achievement of selected 
instructional objectives for subtopics within six topics: number, 
operations, and assumptions; geometry; relations; numeration; measure* 
sent; and fractions. Each subtopic was represented by four test, items. 
The composition of tbs test is portrayed in Table 2. This table 
contains the names of the topics and subtopics and the number of test 
items relevant to each. 

The framework of the mathematics curriculum to which the subjects 
were exposed was the Georgia mathematics curriculum guide. Mathematics 
for Georgia Schools (Georgia Curriculum Guide Committee, 1962). This 
guide was considered to be a task analysis of the curriculum used in 
the Clarke County School District. The guide consists of topics, 
a ub topics* instructional objectives, and specific teaching activities. 
Developing the mathematics test involved the following steps. 

1. Reviewing in detail the curriculum guide. Mathematic s for 
Georgia Schools . — - 
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Table 2 

Composition of Mathematics Test by 
Topic, Subtopic, and Number of Items 



Topic 


Subtopic Number of Items 




Addition 


4 




Subtraction 


4 


Number, Operations, 


Multiplication 


4 


Assumptions 


Division 


4 




Laws and Generalizations 


4 




20 Total 




Definitions of geometric 






terms 


4 




Recognition of geometric 




Geometry 


figures 

Measurement of geometric 


4 




figures 


4 




12 Total 




Equality 


4 




Order relations 


4 


Relations 


Maps, graphs, charts 


4 




Functions 


4 




16 Total 




Sets 


4 




Other number bases 


4 


Numeration 


Reading, writing, using 
numbers 


4 




Reman numerals 


4 




16 Total 




Concepts of Keaaurement 


4 




Conversion of units 


4 


Measurement 


Operations without conversion 
Operations with conversion 


4 

4 




16 Total 




Concepts of fractions 


4 




Addition of fractions 


4 


Fractions 


Subtraction of fractions 


4 


Multiplication of fractions 


4 




Division of fractions 


4 






20 Total 



12 



2* Selecting six topics based cn materials presented in the 
curriculum guide* Designating several subtopics relevant 
to each topic* For these topics isnd subtopics, further 
selecting Instructional objectives frcn the total number 
of instructional objectives presented in the curriculum 
guide k 

y ■ - , # ' * 

3, Reviewing appropriate standardized mathematics tests, 

4, Choosing test materials to reflect the instructional objectives 
selected for study. For instructional objectives which were 
cot represented by material in standardized tests, constructing 
test items, 

5, Presenting the selected instructional objectives and the test 

materials to judges-' for evaluation of the items* appropriate- 
ness, relevance, etc , 

6, Making appropriate changes in the test materials on the basis 
of recommendations by the judges. 

Appendix B consists of the following materials germane to these 
several steps: the instructional objectives selected for study, 

designations of the grade levels at which, these Instructional objectives 
spply, and the test items chosen to reflect the selected ins true onal 
objectives. These materials are organized by the topics and subtopics 
chosen for study. 

Specifically, the mathematics teat was composed of 100 items and 
required 110 minutes to administer. Forty of the 100 items consisted 
of selected items in Parte II and IV of the School and College Abilit y 
Tests . Form 5A (Educational Testing Service, 195#), Subjects were 
administered the published form of this test which contains a total 

O 

of SO iters in Parts 11 and IV, The remaining 60 test items needed were 
obtained fro© the following sources: Sequential Tests of Educational 
Progress , Ferns 4A. 4B (Educational Testing Service, 1957), Contemporary 
Mathematics Tests : Upper and Lower Elementary L evels, Form A (Cali- 

fornia Test Bureau, 1963), and 18 items constructed especially for the 



^These judges respectively were specialists in mathematics, tests 
atd s&asuressnts, elementary education, and educational psychology 



2 



study. 



Only 40 of the 50 items were included in the data analyses. Ten 
ilsi’Sut to wo instructional objectives chosen for 



4 
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present study* These 60 items were reproduced in mimeographed forts 
air’ administered as a supplementary test* This supplementary test 
is in appendix C* The source and identification of each of the 100 
items selected for inclusion are presented in Appendix D* 

Reliability of the Mathematics 
Topic and Subtopic Scores 

The reliability coefficients for the mathematics topic and sub- 
topic scores were calculated by the split-half method and corrected 
by the Spearman-Brown Prophecy Formula* The data were the scores of 
pupils at each grade level* The obtained reliability coefficients 
arc presented in Tabic 3* Inspection of this table reveels fhat 9 
in general, the reliabilities of the topic scores are sufficiently 
high to be considered satisfactory for research purposes with groups of 
subjects (Thorndike, 1951)* However, it should be noted that the 
reliabilities for several of the subtopic scores are somewhat low* 

The lower reliabilities of the sub topics generally were considered 
to be primarily a function of the restricted number of items within 
the sub topic 8; i*e*, there were only four items within each subtopic. 
This restriction was dictated, to a large extent, by the practical 
exigencies of the research situation in the schools where a limited 
amount of testing time was available* Even though some of the subtopic 
scores were characterized by relatively low reliabilities, they were 
considered sufficiently high, for the purposes of the present study, 
to yield some preliminary information* However, to obtain more 
generalizable results, the present study would need to be replicated 
using subtopic tests of greater length and higher reliability* 

General Procedures 

Major steps involved in data collection included the activities 
listed below* Classes of pupils were selected and pupils eligible 
to be subjects were identified* Prior to the test administration, 

a detailed testing schedule was formulated with the cooperation of 
appropriate school personnel* The testing session was scheduled so 
that all selected classes were administered the tests at approximately 
the same time on May 8, 1964* Meetings were held with teachers and 
principals in order to orient them to the project and to provide them 
with materials and information regarding test schedules and testing 
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x'cble 3 

Reliability Coefficients for the Mathematics Topic sad Subtopic Scores^ 





Variable 


Humber 

of 

Items 


Gra 
Grade 4 


de Levels 
Grade 5 


Grade 6 






H « 249 


N « 267 


H - 259 




Y1 

Addition 


4 


.459 


.276 


.387 


i 

* 


Y2 

Subtraction 


4 


•466 


.445 


,495 


m 

ii 

ij ifj 


Y3 

Multiplication 


4 


.591 


.477 


•622 


mm ti 

to w 
u a> 
« § 

0) 

1 


Y4 

Division 


4 


.394 


.467 


.465 


Y5 

Laws and 
Generalizations 


4 


.605 


.510 


.244 




Y6 

Total Topic 


20 


.810 


•698 


.751 




Y7 

Definition of 
Geometric Terms 


4 


.150 


.088 


,097 


& 

w 


Y8 

Recognition of 
Geometric Figures 


4 


*429 


,465 


.70S 


0) 

o 


Y9 

Measurement of 
Geometric Figures 


4 




.633 


.622 


■ 


Y10 

Total Topic 


12 


.421 


.683 


.711 




Yll 

Equality 


4 


*539 


.503 


.354 


© 

1 

tJ 


Y12 

Order Relationships 4 


.294 


.414 


•558 


S3 

H 

$ 


Y13 

Maps, Graphs 
and Cherts 


4 


.315 


•336 


o20S 




¥14 

.Functions 


4 


.149 


.467 


.362 



U vaamaijm«S 9 jn II tmoj 322x3 



15 



Table 3 (Continued) 



Variable 



Y15 
Total 

yT? 

Sets 

yD “ 

Other Number 
Bases 



Nisaber 

of 

Items 



jrj 

on 



16 

4 



Y18 

Reading, Writing, 
Using Numbers 



Y19 

Roman Numerals 



Y20 

Total Topic 

fff 

Concepts of 

Measurement 



16 



a new— m— aw e 



Y22 

Conversion of Units 4 



Y23 

Operations — No 
Conversion 



Y24 

Operations — With 
Conversion 

Y25 

« 1 W*** A 

AVI«V*A 



i 1; 

4V 



Y26 

Concepts of 
Fr set ions 



Y27 

Addition of 
Fractions 



Y28 

Subtraction of 
Fractions 



Y29 

A 

ruui 

Fractions 



J _ ,C 

nuxuipiiestius vi 



Grade Levels 



Grade 4 
» * 249 



Grade 5 

N * 267 



.593 

.277 



.732 



.182 



.587 



.695 



.326 



,480 



.540 



.608 



.724 



.672 



.331 



• * 



.473 



.060 



.328 



.744 




.474 



.704 



.452 

.783 



.410 



.533 



.413 



Grade 6 
N « 259 



►764 



.153 
.677 



.569 



.644 



.765 



.488 



.612 



,679 



.541 



*830 



.581 



.549 



.503 



.765 



(Continued) 
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Table 3 (Continued) 







— 




Variable 


Humber 

of 


Grade bevels 




ttees 


Grade 4 


Grade 5 






H * 249 


8 * 267 



Y3C 

Division of 
Fractions 4 






Grade 6 
8 « 259 



.299 



V32 

[Total Topic 20 .589 .745 *700 



*****-* 



*The subtopics Heasureoent of geooetric figures. Multiplication of 
fractions , and Division of fractions in Grade 4, and the subtopics 
Multiplication of fractions and Division of fractions at grade 5 
are onitted here because £hey were not taught at these grade levels, 
respectively. The scenes for these subtopics were not sunned for 
the corresponding total topic scores. 




procedure*. Each teacher was provided with an adminlatrator'e notebook 
«Mch included . teat booUet and a couplet, a.t of teat direction.. 
Following the orientation session*, conference* were arranged for 

individual teacher, who wished additional aaaiatance in preparing for 
tfce test spiels tret ion. 

Sa.t material* for pupil, were delivered to the .ckoola issaediately 
prior to the teat administration melon and collected from the school* 
immediately following the teat adnlni.tr.tion ataalon. Teat, taken 
hy Pupil* ldantlfiad *a not having net the aubjeet mlection criteria 
war. eliminated. The project* a reaearch ataff did the teat (coring 

and other work required for preparing the date for die electronic 

computers • 



PRECEDING PAGE BUNK- NOT FILMED 

CHAPTER III 
THE VERTICAL SEQUENCES 

Re search Objective and Procedures for Analyses 

The first objective for the study was this: to identify, at grade 

levels U, 5, and 6, vertical sequences among subtopics within several 
mathematics topics on the basis of the criterion, level of complexity 
of the subtopics. Essentially, this objective involved using simplex 
analyses to examine the structure of intercorrelations among pupils' 
mathematics subtopic scores: that is, the investigators' task was 

to determine whether the simplex model fits sets of data ordered a 
priori on the basis of relative complexity. 

The criterion for complexity was degree of inclusiveness. In the 
context of the present study, degree of inclusiveness refers to the 
extent that any one subtopic within a set of subtopics involves activi- 
ties characteristic of other subtopics in that set plus additional 
activities. For example, a set of activities which varies in inclusive- 
ness in terms of this type of accretion can be described in this way: 
subtopic #1 consists of activity a; subtopic $2 consists of activity £, 
and, in addition, activity b; subtopic consists of activity a, activity 
b, and, in addition, activity c; and so on,. 

The first step in the analyses was to obtain the inter cor relation^ 
matrix £or the set of subtopics encompassed by each one of the six topless 
assumptions; geometry; relations; numeration; measurement; and fractions. 
Examining the structure of these intercorrelations involved three more 
steps: ordering the subtopics; determining the relative complexity of 

each subtopic; and assessing the goodness of fit of the simplex model 
to the empirical data. 

The procedure for ordering the subtopics within an inter correlation 
matrix followed Guttman's (195^* 19& 5) approach. That is, the subtopics 
were ordered a priori using two kinds of evidence: results of a rational 

analysis of the relative degrees of inclusiveness of the subtopics in- 



■» 

"The statistic used here was the Pearson product moment correlation 
coefficient. 
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voi.Tea; and any previously obtained data about the order among the sub- 
topic;# in question. 

The relative complexity of the subtopics in a set was determined by 
calculating the simplex loadings (A^ and a^) for the subtopic. Proce- 
dures presented by Kaiser (1962) were used to obtain these scale v/iluenu 

Kaiser* s (1962) procedures also were used to assess the goodness 
of fit of the simplex model tc the data. These procedures involved two 
facets: comparing the observed and the reproduced r^ and matrices; 
calculating the index — the ratio of the sum of squares accounted 
for by the model to the total sum of squares — which, according to 
Kaiser (1962, p. 159) "(measures) the quality of the fit". 

In the subsequent presentation of results, separate sections ere 
devoted to each one of the six topics. Bach section is organised by the 
following outline: description of the subtopics; specification of the 
expected order among subtopics and the rationale for this expectation; 
citation of the evidence -- the observed r^ matrix, the observed 
matrix with accompanying Aj, a^, and q* values, the reproduced 
matrix, and the reproduced r^ matrix; summary comment regarding the 
simplex loadings and the goodness of fit of the simplex model to the 
dsta; and statement of conclusions. 

Results 

Number, Operations, and Assumptions 

Number, operations, and assumptions included five subtopics: 
addition, subtraction, multiplication, division, and laws and generaliza- 
tions. The instructional objectives and test items for ttuse subtopics 
are on page A-ll through page A- 15 of Appendix B. Mathematics activi- 
ties involved are summarised below. 

1. Addition 

Adding, with regrouping, two or sore addends, with the addends 
in each problem consisting of two or more digits. 

2. Subtraction 

Subtracting two, three, and four place numbers with regrouping. 

3. Multiplication 

Multiplying, with regrouping, using two and three place multi- 
pliers, including sggos. 
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4. Division 

Dividing by one and two place numbers with and without remainders 

and including regrouping. 

5. Laws and Generalizations 

Demonstrating understanding of properties of 1 and 0 P addition 
and subtraction as inverse processes, and the commutative and 
associative laws. 

The following s implies! arrangement was expected among the subtopics: 
addition, subtraction, multiplication, division, and laws and generali- 
zations. The rationale for this expectation ia presented below. 

Multiplication involving multipliers of t*io or more places requires 
not only multiplication per, se but alao addition and the associated re- 
grouping process. Therefore, multiplication ia core inclusive than 
addition alone* 

Division involving divisors of more than two places and remainders 
necessitates both multiplication and subtraction with the associated 
regrouping processes as well as division, per se * Consequently, division 
is more inclusive than either subtraction or multiplication* 

The inclusiveness criterion per se does not suggest a relation- 
ship between division and addition, between multiplication and subtrac- 
tion, and between addition and subtraction. However, previous evidence 
presented by Guttman (195*0 end Kaiser (1962) revealed the following 
order in the data they analyzed: from least complex to most complex — 

addition, subtraction, multiplication, and division. 

The laws and generalizations subtopic requires a knowledge of the 
four fundamental operations. In addition, this subtopic involves know- 
ledge of specific concepts (e.£. , the concept of zero), ns a result, 
laws and generalization exceeds the remaining subtopics in inclusive- 
ness. 

As stated above, the simplical order among the subtopics within 
the number, operations, and assumptions topic was expected to be addi- 
tion, subtraction, multiplication, division, and lavs and generaliza- 
tion. Tables 4 through 15 include evidence relevant to this expecta- 
tion. In the expected hierarchy of subtopics, the simplex loadings, 

Aj and a^, for the several variables become progressively larger; this 
is so at each grade level — 4, 5, an d 6 (Tablet 5, 9» and 13). For 
each respective grade level, the observed and reproduced r^ matrices 
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and the observed and reproduced matrices are reasonably similar 
(Tables 4, 7 , *>, 6 ; Tables 8 , 11, 9, 10; and Tables 12, 15, 13, 1* ). 
The index is .889 for grade 4, .942 for grade 3, sod .868 for 
grade 6 (Tables 5„ 9 , 13). 

Thi* evidence confirms the expectancy. At the f mirth, fifth, 
and sixth ^rade levels, the simplex model fits the data reflecting the 
InteritolaMons /Jmong the subtopics within the. number, operations, and 
/itauontlf/ns topic. The vertical sequence from least to most complex 
is the following: addition, subtraction, multiplication, division, 
and law and generalisations. 








J 
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Table 4 



Grade 4 — Hunter, Operations, and Assuwptioro: 
Matrix of Observed r^ k . Subtopics in the Bxpactsd Order 





Subtopics 


1 


2 


3 


4 . 


5 


1) 


Addition 


1.000 


.233 


.106 


.131 


.135 


2) 


Subtraction 


.233 


1.000 


.490 


.298 


.403 


3) 


Multiplication 


.106 


,490 


1.000 


.477 


.323 


4) 


Division 


.131 


.298 


.477 


1.000 


.189 


5) 


Laws and Generalisations 


.135 


.402 


.323 


.189 - 


1.000 



Table 5 . 

Grade 4 — Hunter, Operations, and Assumptions: 
Matrix of Observed Rj k and the A^, tty and q* Values 



Sub- 

topics 


1 


2 


3 


. . 


R j 


a j 


•j 


1) 


.0000 


••6326 


•,9747 


-.8827 -.8697 


-3.3597 


-.6719 


.2129 


2) 


.6326 


.0000 


•.3098 


-.5258 -.3947 


- .5977 


-.1195 


.7595 


3) 


.9747 


.3098 


.0000 


-.3215 -.4908 


.4722 


.0944 


1.2429 


4) 


.8827 


.5258 


.3215 


.0000 -.7235 


i.uuoj 


• 4UXJ 


1.5896 


5) 


.8697 


.3947 


.4908 


.7235 .0000 


2.4787 


.4957 


3.1314 



TR: « 19.0248 

J 



nZZBl 



ik 



21.4085 
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Table 6 



Srade 4 •• Number, Operation, sad Asaiaaptloas: 
of (Aj - A^), the Reproduced R.j k , 





Subtopics 


' 1 


’ i"” 


' 3 


4 


5 


1) 


Addition 


,0000 


-o5524 


-.7663 


-.8732 


•1.1676 


2) 


Subtraction 


.5524 


.0000 


-.2139 


-.3208 


-.6152 


3) 


Multiplication 


.7662 


.2139 


.0000 


-.1069 


-.4013 


4> 


Division 


.8732 


.3208 


.166$' 


.0000 


-.2944 


5) 


Lavs and Generalisations 


1.1676 

f* CttMOM rk».UI JJ 


,6152 


.4013 


,2944 


.0000 



Table 7 



Grade 4 — Kussber, Operations, and Assumptions: 
Matria of (a^), tfce Reproduced r^ 



earn — gsaaMane sgsa 





Subtopics 


. 1 


. 


3 


A 


5 


D 


Addition 


1,0000 


.2803 


„ .1713 


.1339 


.0680 


2) 


Subtraction 


,2803 


.0000 


,6111 


.4778 


.2425 


3) 


Multiplication 


.1713 


.6m 


.0000 


.7819 


.3969 


4) 


Division 


.1339 


.4778 


.7819 


.0000 


.5076 


5) 


Lavs and Generalisations 


.0680 


' .2425 


.3969 


m ***** 


AAAA 

•wvv; 
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Table 8 

Grade 5 — Number, Operations, and Assuoptions: 
Matrix of Observed r^. Subtopics in the Expected Order 





Subtopics 


1 


2 


3 


4 


5 


i) 


Addition 


1.000 


.249 


.233 


.133 


.111 


2) 


S*^b traction 


.249 


1.000 


.459 


.335 


.285 


3) 


Multiplication 


.233 


.459 


1.000 


.503 


.354 


A) 


Division 


.133 


.335 


.503 

« • • 


1.000 


.235 


S) 


Laws and Generalisations 


.111 


.285 


.354 


.239 


1.000 



Table 9 

Grade 5 — Number, Operations, and Assumptions: 
Matrix of Observed and the A^, a^, and q2 Values 



Sub* 

topics 


1 


2 


3 


4 


5 


R J 


a j 


8 j 


1) 


.0000 


-.6038 


— .to* 


-.8761 


-.9547 


-3.0672 


-.6134 


.2436 


2) 


.6038 


.0000 


-.3382 


-.4750 


-.5452 


- .7546 


-.1309 


.7065 


3) 


.6326 


.3382 


.0000 


-.2984 


-.4510 


.2214 


.0443 


1.1074 


4) 


,8761 


.4750 


.2984 


.0000 


-,6216 


i no7o 

| «»• ***» w * 


.2056 


1 AACA 

«•» • W 


5) 


.9547 


.5452 


.4510 


.6216 


.0000 


2.5725 


.5145 


3.2700 



m 2 . - 17.7005 nESR* « 18.7991 



q 7 • .942 
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Table 10 

Grade 5 — Humber, Operations, and Assumptions: 
Matrix of (A^ *V* the Reproduced R^ 





Subtopics 


l 


2 


3 


4 


5 


1) 


Addition 


.0000 


-.4625 


-.6577 


-.8190 


-1.1279 


2) 


Subtraction 


.4625 


.0000 


-.1952 


-.3565 


- .6654 


3) 


Multiplication 


.4625 


.1952 


.0000 


-.1613 


- .4702 


4) 


Division 


.6577 


,3565 


.1613 


.0000 


- .3089 


5) 


Laws and Generalisations 


.8190 


.6654 


.4702 


.3089 


.0000 


Table 11 



Grade 5 — Humber, Operations, and Assumptions: 
Matrix of (a^/a^), the Reproduced r^ 





Subtopics 


1 


2 


3 


4 


5 


1) 


Addition 


.0000 


.3448 


.2200 


.1517 


.0745 


2) 


Subtraction 


I A 


AAAA 

.VUUU 


.6380 


.4400 


.2161 


3> 


Multiplication 


.2200 


.6380 


.0000 


.6897 


.3387 


4) 


Division 


.1517 


.4400 


.8897 


.0000 


.4910 


5) 


Lavs and Generalisations 

zss a mgeaaagsssg = ssas 1 


.07^5 


.2161 


.3387 


.4910 


.0000 
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Table 12 

Grade 6 — Number, Operations, and Assumptions: 
Matrix of Observed r 4 , , Subtopics in the Expected Order 





Subtopics 


1 


2 


3 


4 


5 


1) 


Addition 


1,000 


.152 


.139 


.246 


.157 


2) 


Subtraction 


.152 


1.000 


.416 


.346 


.210 


3) 


Multiplication 


.139 


.416 


1.000 


.422 


.338 


4) 


Division 


.246 


.346 


.422 


1.000 


.196 


5) 


Laras and Generalizations 


.157 


.210 


.338 


.196 


1.000 



Table 13 

Grade 6 — Number, Operations, and Assumptions : 
Matrix of Observed and the A^, a^, and <&2 Values 



Sub* 

topics 


l 


2 


3 


4 


5 


k j 


A j 


i 

<3 


1) 


•0000 


-.8X82 


••8570 


-.6091 


-.8041 


-3.0884 


-.617? 


.2412 


2) 


.8182 


.0000 


•.3809 


-.4609 


-.6778 


- .7014 


-.1403 


.7240 


3) 


.8570 


.3809 


.0000 


-•3747 


-»471! 


.3921 


.0784 


1.1978 


4) 


.6091 


.^609 


.3747 


.0000 


«.7C66 


.7381 


.1476 


1,4048 


5) 


*8041 


.6770 


.4711 


.7066 


.0000 


j 2.6595 


.5319 


3.4031 




m 2 « 


17.8022 




Ttim 2 ° 


20.5001 


,* 


£* ,868 






j 






jfc 














Table 14 



Grade 6 — Ntsaber, Operations, and Assumptions: 
Kstrix of (A^ - y» the Reproduced R ^ 





Subtopics 


i 


Z 


3 


4 


5 


1> 


Addition • 


.0000 


-.4774 


-.6961 


-.7653 


-1.1495 


2) 


Subtraction 


.4774 


.0000 


-.2187 


-.2879 


- .6722 


3) 


Mult ipliCRtiCE 


.4961 


.2187 


.0000 


-.0692 


- .4535 


4} 


Division 


.7653 


.2879 


.0692 


.0000 


- .3843 


5) 


laws and Generalisations 


1.1496 


.6722 


.4535 


.3843 


.0000 






Table 15 












Grade 6 •• Rusher, Operations, and Assumptions: 
Matrix of (a^/a^), the Reproduced * ^ 








Subtopics 


l 


9 


3 


4 


5 


1) 


Addition 


.0500 .3331 


.2014 


.1717 


.0708 


CM 


Subtraction 


,3331 


.0000 


.6044 


,5154 


.2127 


S) 


Multiplication 


.2014 


.6044 


.0000 


.8526 


.3520 


4) 


division 


.1717 


.5154 


.8526 


.0000 


.4128 


WPP*^ ~ 
*r- jMffV 


Laws and Generalisations 


.0703 


.2127 


.3520 


.4128 


.0000 




Geometry 



Geometry consisted of three subtopics: definitions rf geometric 

fcesas, recoil tion of geometric figures, cad measurement of geometric 
figures. The instructional. objectives and test items for these sub- 
topics are presented in Append is B on page Al6 through page Al6. 
Mathematics activities^ sampled are susaarized below. 

1. Definitions of Geometric Terms 

Defining terms referring to parallel lines and angles, 
circles, and sets of points. 

2. Recognition of Geometric Figures 

Recognizing and naming two dimensional (plane) figures and 
three dimensional (solid) figures. 

3. Measurement of Geometric Figures 

Finding the perimeter and area of various polygons and the 
volume of various polyhedrons* 

Among the subtopics, the following simplical arrangement was 
expected: definitions of geometric terms, recognition of geometric 

figures, and measurement of geometric figures. The rationale for this 
expectation is presented below. 

Definitions of geometric terms is the least inclusive of the three 
subtopics. Involved in tkls subtopic is knowledge of labels used tc 
refer to geometry content. 

Recognition of geometric figures involves knowledge of geometry 
terminology. Required in addition are knowledge of the characteristics 
of a variety of geometric figures and the ability to distinguish among 
figures which have a number of similar features. 

Measurement of geometric figures requires knowledge of geometry 
terminology and facility in recognizing geometric figures. In addition, 
measurement of geometric figures necessitates other kin^s of knowledge: 
knowledge about which operations are required to compute the various 
measures (e.£., area), facility ia performing the required operations 



*The fourth grade instructional program did not include some of the 
listed mathematics activities. Consequently, the material presented in 
this section, pertains primarily to the fifth and sixth grade levels. 
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(&»&•> auitiplication), and knowledge about measurement concepts , 
terms, and conventions (e.£., width, cu. in.). 

In sum, the expected sinplical arrangement among the geometry 
subtopics was the following: definitions of geometric terms, recog- 
nition of geometric figures, and measurement of geometric figures. 
Tables 16 through 23 consist of information pertinent to this expecta- 



tion In the expected hierarchy of subtopics, the simplex loadings, 
the several variables become progressively larger; this 
is so at each grade level — 5 and 6 (Tables 17 , 21). For each 
respective grade level, the observed and reproduced matrices and 
the observed and reproduced matrices are gererally similar (Tables 
l6 > l 9» *?, 18; Tables 20, 23, 21, 22). The index g is .£20 for grade 
5 «nd .953 for grade 6 (Tables 17 , 21). 

This evidence confirms the expectancy. At the fifth and sixth 



grade levels, the simplex model fits the data reflecting the inter- 
relations among the subtopics within the geometry topic. The vertical 
sequence from least to most complex is the following: definitions of 

geometric terms, recognition of geometric figures, and measurement of 
geometric figures. 



\ 
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Table 16 



Grade 5 — Geometry: 

Matrix of Observed r^. Subtopics in the Expected Order 





Subtopics 


1 


2 


3 


1) 


Definitions of Geometric Terms 


1.000 


.334 


.299 


2) 


Recognition of Geometric Figures 


.334 


1.000 


.346 


3) 


Measurement of Geometric Figures 


•299 


.346 


1.000 



Table 17 

Grade 5 — Geometry: 

Matrix of Observed and the A^, and Values 



Subtopics 


l 


2 


3 


R J 


A i *j 


1) 


.0000 


-.4763 


-.5243 


-1.0006 


-.3335 .4640 


2) 


.4763 


.0000 


-.4609 


.0154 


.0051 1.0119 


31 

— w 


,5243 


.4609 


,0000 


,9852 


,3284 2.1300 


* 2 r 


1.9721 




*m] k - 2. 


1425 


q 2 - .920 



.920 
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Table 18 

Grade 5 — Geometry: 



Matrix of - A^), the Reproduced R^ k 




Subtopics 


1 


2 


3 


1) 


Definitions of Geometric Terms 


t • 

.0000 


"•3386 


••6619 


2) 


Recognition of Geometric Figures 


.3386 


.0000 


•.3233 


3) 


Measurement of Geometric Figures 


.6619 


•3233 


.0000 


♦ 

Table 19 



Grade 5 — Geometry: 

Matrix of (a^/a^, the Reproduced r^ fc 





Subtopics 


1 


2 


3 


D 


Definitions of Geometric Terms 


.0000 


.4585 


.2178 


2) 


Recognition of Geometric Figures 


.4585 


•0000 


.4751 


3) 


Measurement of Geometric Figures 


.2178 


.4751 


.0000 



Table 20 



Matrix of Observed 



* 

Grade 6 — Geometry: 

r jk» Subtopics in the Ejected Order 





Subtopics 


l 


2 


3 


l) 


Definitions of Geometric Terms 


1.000 


.362 


.296 


2) 


Recognition of Geometric Figures 


.362 


1.000 


.414 


3) 


Measurement of Geometric Figures 


.296 


.414 


1.000 



Table 21 



Grade 6 — Geometry: 





Matrix of Observed R, t 

JR 


, — wwuicw / ; 

and the a y and 


Values 




Siib topics 


1 


2 


3 


R j 


a j 




1) 


•0000 


-.4413 


-.5287 


-.9700 


-.3233 


.4750 


2) 


•4413 


.0000 


-.3805 


.0583 


.0194 


1.0457 


3) 


.5287 


.3830 


.0000 

i 


.9117 

1 


•3039 


2.0132 


»? » 1.7755 


nzat? k - 1.8629 


q* - .953 






f - - 
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Table 22 



Grade 6 — Geometry: 

Matrix of (A^ - 

Subtopics 1 

1) Definitions of Geometric Terms 

2) Recognition of Geometric Figures 

3) Measurement of Geometric Figures 



Table 23 

Grade 6 •• Geometry: 

Matrix of ( a j/\)» *ke Reproduced r^ k 

Subtopics 

1) Definitions of Geometric Terns 

2) Recognition of Geometric Figures 

3) Measurement of Geometric Figures 



1 


2 


3 


0000 


.4542 


.2359 


4542 


.0000 


.5194 


,2359 


.5194 


.0000 



0000 


-*3427 


-.6272 


3427 


.0000 


-.2845 


6272 


• 2845 


.0000 



A^), the Reproduced R^ k 



Relations 



Four topics are subsumed under relations: namely, equality; 

order relations; maps, graphs, and charts; and functions. Appendix 
B (pages A 19 through A23) contains the instructional objectives and 
test items. Mathematics activities sampled are summarised below. 

1. Equality 

Demonstrating knowledge of symbols for and understanding 
of concepts of equivalence and equality relations among 
numbers, series of numbers, and sizes* 

2. Order Relations 

Demonstrating understanding of order relations involving 
direction and distance concepts, abstractly and concretely 
expressed time concepts illustrated with number lines, and 
place value involving whole numbers and decimal fractions* 

3. Maps, Graphs, Charts 

Reading and interpreting simple bar graphs. 

4. Functions 

Using concepts of ratio and proportion in solving problems 
related to quantity, distance, money, and time. 

The following simplical arrangement was expected among the sub- 
topics: maps, graphs, and charts; equality; functions; and order 

relations. The rationale for this expectation is presented below. 

The maps, graphs, and charts subtopic involves demonstrating 
understanding of equivalence and equality relations by interpreting 
relations portrayed on a simple bar graph. This subtopic would seem 
to be the least complex of the four subtopics. 

Equality also requires understanding of concepts of equivalence 
and equality. In addition, this subtopic necessitates recognizing 
symbols for equality and equivalence relations as well as applying 
the equivalence and equality concepts in answering questions involving 
both measurements and numbers. 

Functions parallels the preceding two subtopics in requiring under- 
standing of the equivalence and equality concepts. In addition, activi- 
ties in the functions subtopic necessitate applying the ratio and pro- 
portion facets of the equality and equivalence concepts to a variety of 
measurements . 
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Order relations is the most complex of all. Ibis subtopic in- 
cludes not only the basic equivalence and equality relations, but also 
use of the number line, reasoning with abstractly and concretely pre- 
sented material, and knowledge of place value in relation to whole 
numbers and decimal fractions. 

To recapitulate, the expected s Implies 1 arrangement of the relations 
subtopics was the following: maps, graphs , and charts; equality; functions; 

and order relations. Tables 24 through 35 contain evidence related to 
this expectation. In the expected hierarchy of subtopics, the simplex 
loadings, A^ and a^, for the several variables become progressively 
larger; this is so at each grade level — U , 5, and 6 (Tables 25, 

29, 33). For each respective grade level, the observed and reproduced 
r^ matrices and the observed and reproduced matrices are quite 
similar (Tables 24, 27, 25, 26; Tables 28, 31, 29, 30; Tables 32, 35, 

33, 34). The index <£ is .919 for grade 4, .896 for grade 5 , and 
.834 for grade 6 (Tables 25, 29, 33). 

This evidence confirms the expectancy. At the fourth, fifth, and 
sixth grade levels, the simplex moc' 1 fits the data reflecting the 
interrelations among the subtopics within the relations topic. The 
vertical sequence from least to most complex is the following: maps, 

graphs, and charts; equality; functions; and order relations. 
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Table 24 

Grade 4 •• Relations: 

Matrix of Observed r,. , Subtopics the Expected Order 

JlC 



Subtopics 


1 


2 


3 


4 


1) Maps, Graphs, 


au4 Charts 1.000 


.365 


.297 


.128 


2) Equality 




.365 


1.000 


.239 


.285 


3) Functions 




.297 


.239 


1.000 


, .276 


4) Order Relations 


.128 


.285 


c*276 


1.000 






Table 25 












Grade 4 -- Relations: 






Matrix of Observed R., and the l 

jk 


a^, and 


<]r Values 




Sub- 1 


2 


3 4 


R s 


A. 


a. 


topics 






j 


j 


j 


1) ,0000 


-,437 / 


-.5272 -.8928 


-1.8577 


-.4644 


.3432 


2) .4377 


.0000 


-.6216 -.5452 


- .7291 


-.1823 


.6572 


3) .5272 


.6216 


.0000 -.5591 


.5897 


.1474 


1.4042 


4) .8928 


.5452 


.5591 .0000 


1.9971 


.4993 


3.1571 


ERj * 8.3188 


= »• 


,0513 


q 2 * .919 
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Table 26 

Grade 4 — Relations: 
Katrix of (A^ - A^), the Reproduced 






Subtopics 


l 


2 


3 




1) 


Maps, Graphs, and Charts 


.0000 


-.2821 


-.6118 


-.9637 


2) 


Equality 


.2821 


.0000 


-.3297 


-.6816 


3) 


Functions 


.6118 


.3297 


.0000 


-.3519 


*> 


Order Relations 


.9137 


.6816 


.3519 


.0000 



Table 27 

Grade 4 — Relations: 

Matrix of (a^/a^), the Reproduced r^ 





Subtopics 


1 


2 


3 


4 


1) 


Maps, Graphs, and Charts 


.0000 


.5222 


.2444 


.1087 


2) 


Equality 


.5222 


.0000 


.4680 


.2082 


3) 


Functions 


.2444 


.4680 


.ouoo 


.4448 


4) 


Order Relations 


.1087 


.2082 


.4448 


.0000 



Table 28 



Grade 5 — Relations: 

Matrix of Observed r^. Subtopics in the Expected Order 



Subtopics 




1 


2 


3 


4 


1) Maps, Graphs, 


and Charts 


1.000 


.338 


.297 


.256 


2) Equality 






.338 


1.000 


.278 


.318 


3) Functions 






.297 


.278 


1.000 


.451 


4) Order Relations 




ap» ,» 

• 20U 


AAA 

• 310 


.451 


1.000 






Table 29 








Grade 5 

Matrix of Observed R., 

jK 


— Relations: 

and the A., a., and 
J j 


Values 




Sub* 1 

topics 


2 


3 


4 


R J 


a j 


a j 


1) ,0000 - 


‘.4711 


*.5272 


••5918 


-1.5901 


-.3975 


.4004 


2) .4711 


.0000 


™.5560 


-.4976 


- .5825 


-.1456 


.7152 


3) .5272 


.5580 


.0000 


-.3458 


.7374 


.1843 


1.5286 


4) .5918 


.4976 


• 3458 


oOOGO 


1.4352 


.3588 


2.2847 


XRj » 5.47X3 


nZStj k • 6. 


1057 


q 2 * .896 
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Table SO 

Grade 5 — Relations: 

Matrix of (A^ - A^), the Reproduced 





Subtopics 


1 


2 


3 


4 


1) 


Maps, Graphs, and Charts 


.0000 


«.2519 


-.5818 


-.7563 


2) 


Equality 


.2519 


.0000 


-.3299 


-.5044 


3) 


Functions 


.5818 


.3299 


.0000 


-.1745 


4) 


N 

Order Relations 


.7563 


.5044 


.1745 


.0000 






Table 31 










Grade 5 — Relations: 

Matrix of (a^/a^), the Reprrvduced r^ 








Subtopics 


1 


2 


3 


4 


1) 


Maps, Graphs, and Charts 


.0000 


.5598 


.2619 


.1753 


2) 


Equality 


.5598 


.0000 


,4679 


.3130 


3) 


Functions 


.2619 


.4679 


.0000 


.6691 


4) 


Order Relations 


.1753 


.3130 


.6691 


,0000 



Table 32 



Grade 6 — Relations: 

Matrix of Observed r^. Subtopics in the Expected Order 



Subtopics 




1 


2 


3 


4 


1) Maps, Graphs, and Charts 


1.000 


.260 


.302 


.321 


2) Equality 




.260 


1.000 


.319 


.433 


3) Functions 




•302 


.319 


1.000 


.443 


4) Order Relations 




.321 


.433 


.443 : 


loOOO 




Table 33 










Grade 6 


— Relations: 






Matrix of Observed R^ 


and the A ^ 


tj, and q Values 




Sub- 1 2 


3 


4 


R j 


A J 


a a 


topics 






j 


1) .0030 -.5850 


-•5200 


-.4935 


-1.5985 


-.3996 


.3985 


2) .5850 .0000 


-•4962 


-.3635 


- .2747 


-.0687 


.8537 


3) .5200 .4962 


.0000 


-.3536 


•6626 


.1657 


1.4645 


4) .4935 .3635 


.3536 


•Q000 


1.2106 


.3027 


2.0077 


St* ** 4.5353 


nESt 2 = 5.4382 


q 2 » .834 
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Table 34 



Grade 6 — Relations: 

Matrix of (Aj - A^), the Reproduced R jk 





Sub top ice 


1 


2 


3 


4 


1) 


Haps, Graphs, and Charts 


.0000 


-.3309 


-.5653 


-.7023 


2) 


Equality 


.3309 


.0000 


-.2344 


-.3714 


3) 


Functions 


.5653 


.2344 


.0000 


-.1370 


4) 


Order Relations 


.7023 


.3714 


.1370 


.0000 






Table 35 










Grade 


6 -- Relations: 










Matrix of (a^/a^), the Reproduced r^ k 








Subtopics 


1 


2 


3 


4 


1) 


Maps, Graphs, and Charts 


.0000 


.4668 


.2721 


.1985 


2) 


Equality 


.4668 


.0000 


,5829 


.4252 


3) 


Functions 


.2721 


.5829 


.0000 


.7294 


4) 


Order Relations 


.1985 


.4252 


.7294 


.0000 
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Numeration 

Numeration was composed o f four subtopics: sets; other numera- 
es, reading, writing, and using whole numbers and decimals' 

filH* RjQir^n nitma«»Alr» mt • _ * * 

lne instructional objectives and test items for 
these subtopics appear in Append!* B on pages A24 through A27. Suama 
rised below are mathematics activities sampled. 

1. Sets 



Demonstrating an understanding of the concept of sets and 

sets^nd dL Se£ f ten ? to0l0gy ’ dise; iogutshing among kinds of 
t T’ !! d ““° nSt ““ n 8 an understanding of the set opera- 
C10na union and intersection, H 

2, Other Numeration Bases 

of"tte 1 h*fl» a8 f Ji iVe /“ d base ten * countin 8 beyond the square 
of the base, and using other numeration bases than base ten! 

3* Reading, Writing, sad Using Whole Numbers and Decimals 

Deaonserating understanding of place value by reading 
™u£fe places f” 8 ’* 0le nU “ bers and decto8ls ^olvfig 

Roman Numerals 

^Mls a ?hr”lh i 80. R0!aaO n “" eralS COtre3p0ndin 8 t0 Arabic 



Among the aubtopica, the following simplicsl arrangement was 
expected: Roman numerals; reading, writing, and using whole numbers 
anu decimals; other numeration bases; and sets. The rationale for 
this expectation is presented below. 

The activities involved in Roman numerals primarily require 
owledge of the correspondence of the symbols in the Roman and 
Arabic numeration systems; also, activities used herein necessi- 
tated knowledge of addition facts to 20. 

Reading, writing, an& «*sing whole numbers and decimals is more 
inclusive. This subtopic requires knowledge of Arabic numeration 
symbols for whole numbers and rational numbers. Also, the subtopic 
necessitates understanding of and ability to apply the concept of 
place value in the base ten. 



ucoer ^eranion bases becomes more complex 



- WUU.FXC*. 4010 SUDtOpiC inVOlvt 

knowledge of Arabic numeration symbols. under.tandin 8 of the concept of 



numeration bases as veil as specifics of several numeration bases, 
understanding of the concept of piece value ger se, and knowledge 
of specifics of place value in relation to several numeration bases 
other than base ten* 

Sets is even ®>re inclusive* Hot only does sets require know® 

ledge of terminology and concepts related to such topics as Arabic 
numeration symbols and knowledge of relations such as equality, 
equivalence, and redundancy; but also sets involves knowledge of set 
terminology as veil as understanding of and ability to use concepts 
and operations related to sets as a more general organizational system 
applicable to any numerical or other domain. 

As stated above, the following simplical arrangement among the 
numeration subtopics was expected: Roman numerals; reading, writing, 

and using whole cumbers and decimals; other numeration bases; and 
sets. Tables 3 6 through 47 are composed of information pertaining 
to this expectation. In tbe expected hierarchy of subtopics, the 
simplex loadings, A^ and a^, for the several variables become pro- 
gressively larger; this is so at each grade level — 4, 5* aad 6 
(Tables 37 , 41, 4$). For each respective grade level, the observed 
and reproduced matrices and the observed end reproduced R Jk 
matrices are fairly similar (Tables 36, 39* 37* 38; Tables 40, 43, 4l, 
42; Tables 44, 47, 45, 46). The index q 2 is .909 for grade 4, .864 
for grade 5* 1R d .926 for grade 6 (Tables 37* 41, 45). 

This evidence confirms the expectancy. At the fourth, fifth, 
and sixth grade levels, the simplex model fits the data reflecting 
the interrelations among the subtopics within the numeration topic. 

The vertical sequence from least to most complex is the following: 
Roman numerals; reading, writing, and using whole numbers and 
decimals; other numeration bases; and sets. 



Table 36 



Grade 4 — Numeration: 

Matrix of Observed r^» Subtopics in the Expected Order 





Subtopics 


l 


2 


3 


4 


1) 


Roman Numerals 


1.000 


.432 


.279 


.259 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.432 


1.000 


.338 


.426 


3) 


Other Numeration Bases 


.279 


.338 


1.000 


.406 


4) 


Sets 


.259 


.426 


.406 


1.000 



Table 37 

Grade 4 — Numeration: . 

Matrix of Observed R jfc and the Aj, a^ , and q Values 



Sub-* 

topics 


1 


2 


3 


4 


e j 




a j 


1) 


.0000 


-.3645 


-.5544 


-.5867 


-1.5056 


-.3764 


.421 


2) 


.3645 


.0000 


-.4711 


-.3706 


- .4772 


-.1193 


.760 


3) 


.5544 


.4711 


.0000 


-.3915 


.6340 


.1585 


1.144 


4) 


.5867 


.3706 


.3915 


«0000 


1.3488 


.3372 


1.217 



m 2 . * 4.7158 nSER 2 » 5.1880 

J jk 



q 2 « .909 



Table 38 



Grade 4 -- 
Matrix of (A -V 



Numeration: 

, the Reproduced R ^ 





guvwpi.Cb 


* 


n 

C 


3 


4 


1) 


Roman Numerals 


.0000 


.2571 


-.5349 


-.7136 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.2571 


.0000 


-.2778 


-.4565 


3) 


Other Numeration Bases 


.5349 


.2778 


.0000 


-.1787 


4) 


Sets 


.7136 


.4565 


.1787 


.0000 




Table 39 










Grade 4 •* 
Matrix of (a^/a^) 


Numeration: 

, the Reproduced r^ 








Subtopics 


1 


2 


3 


4 


D 


Roman Numerals 


1.0000 


.5539 


.3680 


.3459 


2 ) 


Reading, Writing, and Using 
whole Numbers and Decimals 


.5539 


1.0000 


.6643 


.6248 


3) 


Other Numeration Bases 


.3680 


.6643 


1.0000 


.9400 


4) 


Sets 


.3459 


.6248 


.9400 


1.0000 
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Table 40 

Grade 5 — Numeration: 

Matrix of Observed r^, Subtopics in the Expected Order 





Subtopics 


1 


2 


3 


4 


1) 


Roman Numerals 


1.000 


.410 


•486 


.280 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.410 


1.000 


.390 


.263 


3) 


Other Numeration Bases 


.486 


.390 


i.OOQ 


.222 


4) 


Sets 


• 

to 

co 

© 


.263 


.222 


1.000 



Table 41 



Grade 5 — Numeration: 

Matrix of Observed and the A^, a^, and q^ Values 



Sub* 

topics 


1 


2 


3 


4 


R j 


A, 

j 


a j 


1) 


.0000 


-.3372 


-.3134 


-.5528 


-1.2534 


-.3133 


.4861 


2) 


.3872 


.0000 


-.4089 


-.5800 


- .6017 


-.1504 


o~073 


3) 


.3134 


.4089 


.0000 


-.6536 


.0687 


.0172 


1.0405 


4) 


.5528 


.5800 


.6536 


.0000 


1.7864 


•4466 


2.7963 



* 5,1290 nSIR* * 5.9381 



2 

q * .864 
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Table 42 

Grade 5 — Numeration: 
Matrix of (A^ - A^), the Reproduced 





Subtopics 


1 


2 


3 


4 


1) 


Roman Numerals 


.0000 


-.1629 


-.3305 


*.7599 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.1629 


.0000 


-.1676 


-.5970 


3) 


Other Numeration Bases 


.3305 


.1676 


.0000 


-.4294 


4) 


Sets 


.7599 


.5970 


.4294 


.0000 



Table 45 

Grade 5 •• Numeration* 

Matrix of (a^/a^), the Reproduced r ^ 





Subtopics 


1 


.2 


3 


4 


1) 


Roman Numerals 


.0000 


.6873 


.4672 


.1738 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.6873 


.0000 


.6798 


.2529 


3) 


Other Numeration Bases 


.4672 


.6798 


.0000 


.3721 


4) 


Sets 


.1738 


.2529 


.3721 


.0000 



Table 44 



Grade 6 — Numeration: 

Matrix of Observed r^, Subtopics in the Expected Order 





Subtopics 


1 


2 


3 


4 


1) 


Roman Numerals 


1.000 


.422 


.305 


.185 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.422 


1.000 


.335 


.118 


3) 


Other Numeration Bases 


.305 


.335 


1.000 


.193 


4) 


Sets 


.185 


.118 


.193 


1.000 



Table 45 

Grade 6 — Numeration: „ 

Matrix of Observed R.. and the A , a , and q z Valnas 

j k J 3 



Sub- 

topics 


1 


2 


3 


4 




A J 


a j 


1) 


.0000 


-.3747 


-.5157 


-.7328 


-1.6232 


-.4058 


.3928 


2) 


.3747 


.0000 


-.4750 


-.9281 


-1.0284 


-.2571 


.5533 


3) 


.5157 


.4750 


.0000 


.7144 


.2763 


.0691 


1.1724 


4) 


.7328 


.9281 


.7144 


.0000 


2.3753 


.5933 


3.9245 




2R* - 9.4108 
j 


n£2R* « 10 

jk 


• 

H 

<y* 

VO 

00 


2 

q * . 


926 
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Table U 

Grade 6 •* Numeration: 

Matrix of (A^ - A^), the Reproduced R^ 



J 





Subtopics 


1 


2 


3 


4 


1) 


Roman Numerals 


.0000 


«.1487 


-.4749 * 


-.9996 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.1487 


.0000 


-.3262 


-.8509 


3) 


Other Numeration Bases 


.4749 


.3262 


.0000 


-.5247 


4) 


Sets 


.9996 


.8509 


.5247 


.0000 




Table 47 










Grade 6 »- 
Matrix of (a^/a^. 


Numeration: 
the Reproduced r ^ 








. ..Subtopics 


1 


2 


3 


4 


1) 


Roman Numerals 


.0000 


.7099 


.3350 


.1001 


2) 


Reading, Writing, and Using 
Whole Numbers and Decimals 


.7099 


.0000 


.4719 


.1410 


3) 


Other Numeration Bases 


.3350 


.4719 


.0000 


.2987 


4) 


Sets 


.1001 


.1410 


.2987 


.0000 
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Measurement 

Measurement encompassed four subtopics: measurement concepts, 

conversion of units, operations without conversion, and operations 
with conversion. Pages A28 through A31 of Appendix B contain the instruc- 
tional objectives and test items, Mathematical activities sampled are 
summarised below. 

1. Measurement Concepts 

Remonstrating a knowledge of measurement terminology and an 
understanding of concepts' related to size, quantity, distance, 
time, and weight. 

2. Conversion of Unite 

Demonstrating ability to change, from one unit to another, 
measures related to size, distance, time, and money. 

3. Operations without Conversion 

Using the fundamental operations, addition, subtraction, etc . , 
in solving problems involving measures which are expressed 
in a common unit. 

4. Operations with Conversion 

Using the fundamental operations, addition, subtraction, etc., 
in solving problems involving measures which are expressed in 
different units and which require conversion to a common unit. 

Among the subtopics, the following s imp 1 leal arrangement was 
expected: measurement concepts, operations without conversion, 
conversion of units, and operations with conversion. The rationale 
for this expectation is presented below. 

Of the four subtopics, concepts of measurement is the least 
complex. It primarily involves a knowledge of terms and conventions 
for the various measurement units and a knowledge of which specific 
units belong in various categories of measurement. 

Operations with no conversion requires the same knowledge of 
measurement terminology and concepts so that decisions can be made 
about the need to convert units before a problem can be solved. Since 
no conversions actually were needed for the problems used herein, the 
only additional activity involved deciding what fundamental arithmetic 
operations were appropriate for solving the problems and facility in 
performing those operations. 
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Conversion of units is more complex. Knowledge of measurement 
terminology and concepts and ability to perform the fundamental opera* 
tions are involved. Required in addition are the following: knowledge 

about the size of each unit, knowledge about the relative sizes of the 
units, and ability to decide what operations are needed to make the 
required conversions. 

Operations with conversion requires activities involved in the 
three preceding subtopics. In addition, it necessitates the ability 
to decide what kind of conversion is needed for the problem in question 
as well as the ability to decide what operation is required to solve 
the problem after the conversion is made. 

To recapitulate, the expected simplical arrangement among the 
measurement subtopics was this one: measurement concepts, operations 

without conversion, conversion of units, and operations with conversion. 
Tables kQ through 59 encompass data germane to this expectation. In 
the, expected hierarchy of subtopics, the simplex loadings, A^ and a^, 
for the several variables become progressively larger; this is so at 
each grade level — k, 5, 6 (Tables 1*9* 53, 57 )• For each 

respective grade level, the observed and reproduced r^ matrices 
and che observed and reproduced R jk matrices are generally similar 
(Tables 48, 51, 49, 50; Tables 52, 55, 53, 54; Tables 56, 59, 5T, 58). 
The Index is .871 for grade 4, .833 for grade 5, and .702 for grade 
6 (Tables 49, 53, 57). 



This evidence confirms the expectancy. At the fourth, fifth, and 
sixth grade levels, the simplex model fits the data reflecting the 
interrelations among the subtopics within the measurement topic. 

The vertical sequence from least to most complex is the following: 
concepts of measurement , operations without conversion, conversion 
of units, and operations with conversion. 
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Table 48 

Ma . . _ _ Grade 4 — Measurement: 

fettle of Observed r^, Subtopics in the Expected Order 





Subtopics 


1 


2 


3 


4 


1) 


Concepts of Measurement 


1,000 


.336 


.309 


.357 


2) 


Operations Without Conversion 


.336 


1.000 


.491 


.342 


3) 


Conversion of Units 


.309 


.491 


1.000 


.392 


4) 


Operations With Conversion 


.3.^7 


.342 


.392' 


1.000 



"'I 



Table 49 



Grade 4 
Matrix of Observed R 

jk 



- Measurement: 
and the A^, a^. 




Values 
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Table 50 



Grade 4 — Measurement : 
Matrix of (A^ - A^), the Reproduced 





Sub to ivies 


1 


2 


3 


4" * 


1) 


Jf 

Concepts of Measurement 


.0000 


-.2825 


-.4609 


-.6878 


2) 


Operations Without Conversion 


.2825 

i 


.0000 


-.1784 


-.4053 


3) 


Conversion of Units 


.4609 


.1784 


.0000 


-.2269 


4) 


Operations With Conversion 


.6878 


.4053 


.2269 


.0000 



* 



Table 51 



Grade 4 — Measureisent: 

Matrix of (a^/a^), the Reproduced r^ 




Subtopics 


1 


2 


3.. 


4 


1) 


Concepts of Measurement . 


.0000 


.5218 


.3460 


.2052 


2) 


Operations Without Conversion 


.5218 


.0000 


.6631 


.3933 


3) 


Conversion of Units 


.3460 


.6631 


.0000 


.5930 


4) 


Operations With Conversion 


.2052 


.3933 


.5930 


.0000 




Table 52 

Grade 5 — Measurement: 

Matrix of Observed Subtopics in the Expected Ordar 





Subtopics 
— ■* ■ 


1 


2 

> 


* 

3 


* 4 


iy 


Concepts of Measurement 


1.000 


.411 


.428 


.426 


2) 


Operations Without Conversion 


.410 


1.000 


.395 


.398 


3 ) 


Conversion of Units 


.428 


,.395 


1.000 


•466 


4)* 


Operations With Conversion 


V) 

CM 

• 


.398 


.466 


1.000 



Table 53 

Grade 5 *»• Measurement: 

Matrix of Observed and the A^, a^ f and q Z Values 



Sub* 

topics 


1 


2 


3 


4 


r j 


a j 


a i 


1) 


.0000 


-.3862 


-.3686 


-.3706 


1 n 


-.2813 


.5233 


2) 


.3862 


•0000 


-.4034 


-.4001 


- .4173 


-.1043 


.7865 


3) 


•3686 


.4034 


.0000 


-.3316 


.4404 


.1101 


1.2885 


4) 


.3706 


.4001 


.3316 


.0009 


1.1023 


.2756 


1.8861 




23t 2 - 2.8497 


niXRjk “ 3.4205 


q 2 » .833 



3.4205 



q 2 « .833 




Table 54 



Grade 5 — Measurement: 

Matrix of (A^ - A^), the Reproduced R^ 





Subtopics 


1 


2 


3 


4 


1) 


Concepts of Measurement 


.0000 


-.1770 


-.3914 


-.5569 


2) 


Operations Without Conversion 


. i770 


.0000 


-.2144 


-.3799 


3) 


Conversion of Units 


.3914 


.2144 


.0000 


-.1653 


4) 


Operations With Conversion 


.5569 


.3799 


.1655 


.0000 



Table 55 





Grade 5 — 
Matrix of (a^/a^) 


Measurement : 

, the Reproduced 








Subtopics 


1 


2 


3 


4 


1) 


Concepts of Measurement 


•0000 


.6654 


.4061 


.2775 


2) 


Operations Without Conversion 


.6654 


.0000 


.6104 


.4170 


3) 


Conversion of Units 


.4061 


.6104 


.0000 


.6832 


4) 


Operations With Conversion 


.27/5 


.4170 


.6832 


.0000 



Table 56 



Grade 6 — Measurement: 

Matrix of Observed r^* Subtopics in the Expected Order 





Subtopics 


l 


2 


3 


4 


1) 


Concepts of Measurement 


1.000 


.380 


.496 


.604 


2) 


Operations Without Conversion 


.380 


1.000 


.378 


,470 


3) 


Conversion of Units 


.496 


.378 


1.000 


.578 


4) 


■ i 

Operations With Conversion 


.604 


.470 


.578 


1.000 



Table 57 



Grade 6 •• Measurement: , 

Matrix of Observed and the A^, a^, and q^ 



Values 



Sub- 

topics 


1 


2 


3 


4 


R j 


a j 


a j 


1) 


1.0000 


-.4202 


-.3036 


-.2190 


-.9428 


-.2357 


.581 


2) 


.4202 


.0000 


-.4225 


-.3279 


-.3302 


-.0825 


.827 


3) 


.3036 


.4225 


.0000 


-.2381 


.4680 


.1220 


1.325 


4) 


.2190 


.3279 


1.2381 


.0000 


.7850 


.1963 


1.572 









1.8523 



2.6376 



702 



Table 58 



Grade 6 Measurement: 

Matrix of (A^ - A^, the Reproduced R^ 



Subtopics 1234 



1) Concepts of Measurement 

2) Operations Without Conversion 

3) Conversion of Units 

4) Operations With Conversion 



.0000 


-.1532 


-.3577 


7.4320 


.1532 


.0000 


-.2045 


-.2788 


.3577 


.2045 


.0000 


-.0743 


.4320 


.2788 


.0743 


.0000 



Table 59 

Grade 6 •• Measurement: 

Matrix of (a^/a^), the Reproduced r^ 





Subtopics 


1 


2 


3 


4 


1) 


Concepts of Measurement 


1.0000 


.7025 


.4385 


.3696 


2) 


Operations Without Conversion 


.7025 


1.0000 


.6242 


.5261 


3) 


Conversion of Units 


.4385 


.6242 


1.0000 


.8429 


4) 


Operations With Conversion 


.3696 


.5261 


.8429 


1.0000 
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Fractions 



Fractions included five subtopics: concepts cf fractions, addition 

of fractions, subtraction of fractions, multiplication of fractions, and 
division of fractions. Pages A32 through A36 of Appendix B contain 
the instructional objectives end test items. Mathematics activities* 
involved in each subtopic arts* summarised below. 

1. Concepts of Fractions 

Recognising fractional parts of wholes, reciprocals, and 
relationships between common fractions and decimals. 

2. Addition of Fractions 

Adding decimals, adding like fractions, and adding unlike 
but related fractions. 

3. Subtraction of Fractions 

Subtracting decimals and subtracting like fractions, unlike 
but related fractions, and fractions from whole numbers. 

4. Multiplication of Fractions 

Multiplying a decimal by a decimal, a decimal by a whole 
number, a common fraction by a whole number, and unlike 
and unrelated fractions. 

5. Division of Fractions 

Dividing a whole number by a decimal and a fraction by a 
fraction. 

Among the subtopics, the following aimplical arrangement was 
expected: concepts, addition, subtraction, multiplication., and 

division. The rationale for this expectation is stated below. 

Concepts of fractions includes understanding of the meaning of 
* ^tional numbers expressed as common fractions and decimal fractions. 

In addition to this understanding, addition of fractions involves 
knowledge oi the processes required to add fractions and decimals, 
ability to add per se, and knowledge about how to find the LCD for 



The fourth and fifth grade instructional programs did not Include 
some of the listed mathematics activities. Consequently, the material 
presented in this section pertains primarily to the sixth grade level. 
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unlike but related fractions. 

Subtraction of fractions requires understanding of the concept of 
fractions and decimals, knowledge of the processes used to subtract dec- 
imals and common fractions, ability to subtract per se > and knowledge 

about how to find the LCD for related fractions. In these activities, 
addition and subtraction of fractions are parallel activities. However, 
the test items used herein to sample the subtraction subtopic encompassed 
the additional activity of subtracting a fraction from a whole number* 

Multiplication of fractions parallels subtraction of fractions in 
involving understanding of concepts of fractions, etc . However, multi- 
plication becomes more complex in terms of requiring the following: 
knowledge about the roles of both the numerators «nd denominators in 
multiplying common fractions, and considerations related to place value 
in multiplying decimal fractions. In addition, tha test ite ms also 
included a problem which necessitated finding the 1X3) for unlike and 
unrelated fractions. 

Division of fractions parallels multiplication in the types of know- 
ledge and understanding required,. However, an additional activity in- 
creases inclusiveness: viz ., knowledge about the role of the recipro- 

cal in the division of fractions. 

As stated above: the subtopics subsumed under the fractions topic 

were expected to be characterized by the following simplical arrange- 
ment: concepts of fractions, addition of fractions, subtraction of 

fractions, multiplication of fractions, and division of fractions. Tables 
60 through 63 contain evidence relevant to this expectation. In the 
expected hierarchy of subtopics at grade 6 , the simplex loadings, 
and a 4 , for the several variables become progress ively larger (Table 6 l). 
The observed and reproduced r.^ matrices and the expected and reproduced. 
R.^ matrices are reasonably similar (Tables 60, 6 l, 62, 63). The index 
is .905 (Table 6 l). 

This evidence confirms the expectancy. At the sixth grade level, 
the simplex model fits the data reflecting the interrelations among 
the subtopics within the fractions topic. The vertical sequence from 
least to most complex is the following: concepts of fractions, addition 

of fractions, subtraction of fractions, multiplication of fractions, 
and division of fractions. 
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Table 60 

Grade 6 — Fractions: 

Matrix of Ooserved r^. Subtopics in the Expected Order 





Subtopics 


1 


2 


3 


4 


5 


1) 


Concepts of Fractions 


1.000 


.531 


.519 


.451 


.374 


2) 


Addition of Fractions 


.531 


1.000 


.558 


.577 


.315 


3) 


Subtraction of Fractions 


.519 


•550 


1.000 


.535 


.304 


4) 


Multiplication of 
Fractions 


.451 


.577 


.535 


1.000 


.421 


5) 


Division of Fractions 


.374 


.315 


.304 


.421 


1.000 



Table 61 

Grade 6 — Fractions: « 

Matrix of Observed E^ k and the ky a y and q Values 



Sub- 

topics 


1 


2 


3 


4 


s ; 


r 

r j a j 


a j 


1) 


.0000 


-.2846 


-.2749 


-.3458 


-.4271 


-1.3326 -.2665 


.5414 


2) 


.2848 


.0000 


-.2534 


-.2716 


-.5171 


- .7573 -.1515 


.7055 


3) 


.2749 


.2534 


.0000 


• Cm w w '•m 


-.5017 


« .2122 =.0424 


.9070 


4) 


.3458 


.2716 


.2388 


.0000 


-.3757 


.4085 .0961 


1.2477 


5) 


.4271 


.5171 


.5017 


.3757 


.0000 


1.8216 .3643 


2.3137 



ZSl 2 . « 5.9435 nEOt* * 

J jk 



6.5696 



q 2 - .905 
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Table 62 

Grade 6 •• Fractions: 
Matrix of (A^ - A^), the Reproduced 



/ 




Subtopics 


1 


2 


3 


4 


5 


1) 


Concepts of Fr&ctioas 


.0000 


-.1150 


-.2241 


-,3626 


-.6308 


2) 


Addition of Fractions 


,1150 


.0000 


-.1091 


-.2476 


-.5158 


3) 


Subtraction of Fractions 


.2241 


.ion 


.0000 


-.1335 


-.4067 


4) 


Multiplication of Fractions 


.3626 


.2476 


.1385 


.0000 


-.2682 


5) 


Division of Fractions 


.6308 


.5158 


.4067 


.2682 


.0000 



Table 63 

Grade 6 -• Fractions: 



Matrix of (a./a, 


the Reproduced r.. 






j * 


JK 






Subtopics < . .1 


2 3 


4 


5 



1) 


Concepts of Fractions- 


.0000 


.7674 


.5969 


.4339 


.2340 


2) 


Additicn of Fractions 


.7674 


.0000 


.7778 


.5654 


.3049 


3) 


Subtraction of Fractions 


.5969 


.7778 


.0000 


.7269 


.3920 


4) 


Multiplication of Fractions 


.4339 


.5654 


.7269 


.0000 


.5393 


5) 


Division of Fractions 


.2340 


.3049 


.3920 


.5393 


.0000 



